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ABSTRACT 
A mathematical model is developed to simulate the electrowinning of non-noble metals (e.g., Zn, Cr) within flow- 
through porous electrodes under the conditions of simultaneous evolution of hydrogen gas bubbles. The results of the model 
are presented as a function of several dimensionless groups representing kinetics, mass transfer, ohmic resistance, and gas 
bubbles. These coupled, nonlinear effects are investigated by examining the distributions of the metal reduction and 
hydrogen evolution currents, coulombic efficiency of the metal electrowinning reaction, and gas void fractions under a 
series of limiting conditions. The gas bubbles accentuate the nonuniform distribution of the potential and the currents of 
both reactions by increasing the effective resistance of the gas-electrolyte dispersion filling the pore space. This results in 
the underutilization of the internal surface area of the porous electrode and accelerates preferential localized plugging of 
the pores with the reduced metal. It can also instigate localized mass-transfer limitations, i.e., the polarization at some 
points within the pores becomes large enough to support the limiting current of the metal deposition reaction (i.e., it 
becomes mass-transfer controlled) while at other points lower polarizations and hence smaller currents prevail. Conse- 
quently, the optimum current which maximizes the removal rate of the metal is shown to be well below the theoretical 
limiting current of the electrode. This optimum current is significantly influenced by the evolving hydrogen gas bubbles. 
Neglecting this phenomenon leads to erroneous design and operational considerations. 
Introduction 
Flow-through porous electrodes are characterized by 
both high reaction rates per unit volume and high mass- 
transfer rates. The theory behind the operation of porous 
electrodes has been developed to sophisticated levels; sev- 
eral reviews have been published on the theory and appli- 
cations of these systems.~ ~ Flow-through porous electrodes 
have been used in charging and discharging of redox bat- 
teries for load leveling applications, 6'7 electrosynthesis, 8 
water electrolysis, 9 destruction and removal of cyanide 
wastes from electreplating baths I~ and recovery of heavy 
metals from waste streams. I~-~ In this latter application, 
they have been particularly effective in electrowinning of 
relatively noble metals (e.g., Cu) where no gas bubbles are 
generated within the electrodeJ 6 The electrowinning of 
non-noble metals (e.g., Zn, or Cr) using porous electrodes 
requires different design and operating considerations 
since the inevitable generation of hydrogen gas bubbles 
within the pores can eventually render the electrode inop- 
erable. The evolving hydrogen gas bubbles accumulate 
within the pores leading to a significant decrease in the 
pore electrolyte conductivity. ~7 
Ateya and Ei-Anadouli TM recently modeled the effects 
of the evolution of hydrogen gas bubbles within the pores 
on the current and potential distributions within flow- 
through porous electrodes and on their overall polarization 
behavior for the case of a single-electrode reaction (i.e., 
hydrogen evolution reaction). We present here an extension 
of this model to treat the case of multiple electrochemical 
reactions (i.e., metal reduction and hydrogen evolution re- 
actions). Alkire and Gould ~9'2~ have earlier treated multiple 
reactions at flow-through porous electrodes. They pre- 
dicted the current and potential distributions for the 
simultaneous deposition of metals from a mixture of their 
ions, the deposition of a metal in the presence of a redox 
reaction, and for a multiple step electro-organic synthesis. 
They assumed that the metal deposition reaction proceeds 
independently from the other reaction, and that no hydro- 
gen evolution takes place. Experimental results on the elec- 
trowinning of zinc from alkaline zincates at a flow-through 
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porous electrode have recently been reported. 21 Separating 
the effects of the hydrogen reaction from the kinetic and 
mass-transfer limitations of the zincate reduction reaction 
was not possible. While the effects of evolving gas bubbles 
on the polarization and current distributions and on the 
mechanism of mass transfer are well documented on planar 
electrodes, 22'23 they have not been quantified in porous 
electrodes. 
The objective of this paper is to present a mathematical 
model to simulate the electrowinning of a non-noble metal, 
e.g., Zn or Cr, with simultaneous hydrogen evolution within 
a flow-through porous electrode. The model treats the ef- 
fects of the simultaneously generated hydrogen gas bub- 
bles on the distributions of potential, hydrogen evolution, 
and metal electrowinning.reactions, gas void fraction, and 
coulombic efficiency within the electrode and on its polar- 
ization behavior. The equations and analyses presented in 
this paper enable us to obtain quantitative answers for a 
given set of structural, transport, and/or kinetic parame- 
Counterelectrode ~ I 
dx 
Reference Electrodes ~ Packed Bed Electrode 
/ ~ C ~ r r ~ t  Cono~to~ 
Electrolyte F l o w  
Fig. 1. Schematic of the electrolytic cell. 
The Electrochemical Society, Inc. 4113 
Downloaded 13 Jul 2011 to 129.252.86.83. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms_use.jsp
4114 J. Electrochem. Soc., Vol. 142, No. 12, December 1995 9 The Electrochemical Society, Inc. 
ters of the system. Such information can be used to guide 
the design and operation of the electrowinning process. 
Development of the Mathematical Model 
Figure 1 is a schematic diagram of the packed bed com- 
partment, reference, and counterelectrodes, and direction 
of electrolyte flow. The relative directions of current and 
electrolyte flow were chosen to suit the nature of the sys- 
tem. It has long been recognized 18'2~ that favorable polar- 
ization conditions are obtainable when the countere]ec- 
trode is positioned upstream to the electrolyte flow. 
However, we chose to place the counterelectrode down- 
stream to avoid the problems associated with the hydrogen 
gas bubbles which are generated profusely at the polarized 
face of the working electrode and which were not taken 
into consideration in previous works. 1~'25 The use of an up- 
stream counterelectrode results in these gas bubbles either 
being forced through the pores of the electrode by the flow- 
ing electro]yte or being trapped at the entrance face of the 
electrode. Both possibilities result in significant increases 
in the polarization, which far outweigh the polarization 
decreases obtainable from an upstream placement of the 
countereletrode. 
The reaction considered here is the deposition of a metal 
with simultaneous hydrogen evolution, in which the equi- 
l ibrium potential of the metal deposition reaction is more 
negative than that of the hydrogen evolution. The main 
reactions are 
M+"(aq) + ne = M (s) E~ < E~ [1] 
2H § (aq) + 2e- = H2 (g) [2] 
where M is an active metal, e.g., Zn or Cr. 
The model is developed under the following assumptions: 
1. The packed bed electrode has uniform porosity and 
sufficiently high electronic conductivity compared to that 
of the electrolyte, such that we may neglect the potential 
gradient within the solid phase of the packed bed. The 
packed bed is also assumed to be made of a substrate that 
does not undergo anodic dissolution under the prevailing 
conditions. It is characterized by a porosity, fl, and a 
specific surface area, S cm -1. 
2. Ionic migration and axial diffusion and dispersion ef- 
fects are negligible. 
3. The model is formulated for steady-state operation 
leaving the study of the time effects for future work. 
4. The metal deposition reaction is first order in the metal 
ion concentration. 
5. Butler-Volmer kinetics govern the reaction rate for the 
metal reaction and Tafel kinetics govern the hydrogen re- 
action. The metal deposition reaction involves a two-elec- 
tron transfer rate-determining stepJ 6 
6. The mass-transfer resistance is due to a stagnant diffu- 
sion layer at the electrode-electrolyte interface within the 
pore structure, i.e., around the circumference of the pack- 
ing particles. The thickness of this diffusion layer is as- 
sumed to be much less than the mean pore radius (in view 
of assumption 7 below) i.e., the electrode is assumed to be 
operated within the diffusional entry lengthJ 7 Under such 
conditions, the diffusion layer thickness and the local 
mass-transfer coefficient might well vary with the distance 
within the bed. Additional variations in these parameters 
might also result from the nonuniform distribution of the 
hydrogen gas bubbles generated within the electrode. In 
the absence of adequate correlations of this effect, we use 
an expression for the mass-transfer coefficient from the 
two-phase packed bed literatures as shown below. 
7. The single-pass conversion efficiency is low, i.e., there 
are negligible changes in the concentration of the metal 
ions in the axial direction of convective flow. This corre- 
sponds to high electrolyte flow rates. The use of high elec- 
trolyte flow rates helps also to sweep the bubbles out of the 
pores and to increase the limiting current of the metal re- 
duction reaction. In addition, if the metal ion is insoluble at 
high pH values, high flow rates can prevent a significant 
pH increase at the surface of the pores which could lead to 
premature plugging of the electrode. This results in an in- 
teresting optimization problem, the solution of which calls 
for the fundamental  modeling of the rate processes 
involved. 
The conservation of charge along with assumptions 4 and 
5 relate the reaction current to the metal solution current 
(see Appendix A) 
di~(x) _ - jM(x) = -Sio,• [1 - exp(2 ~]M(x)/b)] [3] 
dx  exp [~M(x )/b ]+ 
~L,M 
where iM(X) and jM(X) refer to the metal solution and reac- 
tion currents, respectively, and the rest of the variables are 
defined in the List of Symbols. The local l imiting current 
density of the metal deposition reaction, iL.M, is based on 
the internal (true) area of the pore space and is related to 
the local mass-transfer coefficient and the bulk concentra- 
tion by 
iL,lVi = nFkr~CM [4] 
Expressions for the local mass-transfer coefficient, km can 
be obtained from empirical correlations. 28'29 
For the hydrogen evolution reaction, the relationship be- 
tween the hydrogen solution current, ill(x), and the reaction 
rate, j~(x), is given by 
dill(x) 
dx - --jH(X) = --Sio.H exp [ -c~s(x ) /b]  [5] 
Note that the solution current densities, iM(x) and ill(X), are 
calculated on the basis of the geometrical cross-sectional 
area of the packed bed electrode. The overpotential is taken 
to be negative and the solution current positive for a ca- 
thodic reaction. The overpotentials operating on the indi- 
vidual reactions are related through the difference between 
their equilibrium potentials, i.e. 
n ~ ( x )  = n ~ ( x )  + A E  [6] 
where AE = E~ - E~. The total solution current is the alge- 
braic sum of the two individual currents, i.e. 
i (x)  = iM(x) + ill(X) [7] 
Assumption 1, in conjunction with Ohm's law applied to 
the electrolyte, governs the variation in overpotential as 
the solution current travels through the gas-electrolyte dis- 
persion filling the pore space. Thus 
i (x)  = K(x) d~M(x) [8] 
dx  
The conductivity of the gas-electrolyte dispersion within 
the pores, K(x), is a complex function involving the nature 
and concentration of the electrolyte, the porosity of the 
bed, and the void fraction of the gas filling the pore elec- 
trolyte, e. The gas void fraction varies with distance within 
the electrode following the variation of ill(X) which gener- 
ates the gas bubbles. There are various correlations for the 
conductivity of such multiphase media. 3~ For the purpose 
of the present work, we use the Bruggeman's equation as an 
expression for the conductivity of the gas-electrolyte dis- 
persion which fills the pore space, i.e. 
K(x) = K ~ I0 - e(x)] m [9] 
where K ~ is the bulk electrolyte conductivity. The gas void 
fraction e(x) is related to the hydrogen current by 17 
OiH(x) 
~(x) - ( ~  + ~ ( x  ) [10] 
where ~r is a factor which converts the hydrogen current to 
the volume of gas generated. Assuming ideal gas behavior, 
o- is given by 17 
RT 
- 2PF [11] 
where (r equals 0.127 cm3/C for the hydrogen evolution re- 
action at standard pressure and temperature. 
Downloaded 13 Jul 2011 to 129.252.86.83. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms_use.jsp
J. Electrochem. Soc., Vol. 142, No. 12, December 1995 9 The Electrochemical Society, Inc. 4115 
Table I. The dimensionless groups and parameters. 
Group Definition 
Dimensionless total exchange cur- 
rent density of the metal reaction 
Ratio of kinetic resistances 
Dimensionless total limiting 
current 
Dimensionless conductivity group 
Dimensionless bubble group 
Porosity 
Charge-transfer coefficient for the 
hydrogen reaction 
Charge-transler coefficient for the 
metal reaction 
1o.~ = io.~ S L  /i~n 
/~,M//o,S = io ~ exp ( a ~ ) l i o  H 
I L = i~,M'SL/i,, n 
K = ~~162 L 
F = 2PFQ/io~uRT 
0 
We now have six equations (Eq. 3, 5, 7-10) describing the 
distributions of six variables, i.e., iM, ill, i ,  ~ ,  e, and ~. In 
order to minimize the number  of the variables and to obtain 
results of general applicability, the variables in the govern- 
ing equations are put in dimensionless forms. The currents 
are normalized with respect to the cell current, io~, the 
polarization is presented in multiples of b (b = R T / F ) ,  the 
distance is normalized with the respect to the bed thick- 
ness, L, and the pore electrolyte conductivity is normalized 
with respect to the conductivity of the bulk electrolyte, ~~ 
Thus 
-Io~(1 - exp di~(y )  _ ~ ( y )  = , [2~(y)]) 
d y  (exp [~M(Y)] + IL] 
di~(y ) - J~(Y  ) =--IoH exp [ - - ~ ( y ) ]  [13] 
d y  - 
d ~ ( y )  [14] i ( y )  = K ~ ( y ) -  d y  
i ( y )  = i~(y )  + i~(y) [15] 
e(y) 0ill__ (y) [16] 
- i ~ ( y )  + F 
K(y) = [0 -- e(y)] m [17] 
where y = x / L ,  is the dimensionless distance and the vari- 
ables with overbars denote_normalized variables, i.e., i (y) = 
i(x)/i~ou, ~(y)  = ~ ( x ) / b ,  and K(y) = K(X)/K ~ The cell current is 
an important operating parameter, hence it furnishes a 
more useful basis for normalization. Five dimensionless 
groups result from this normalization. Table I lists them, 
along with the porosity of the bed and the charge-transfer 
coefficients of the reactions in question. 
The boundary conditions are 
y = 0 i = l  
y = l i = iM =i l l  = 0  d ~ M / d y  = O K = O ~h a n d  e = O 
In this model, the six variables (i~, is, i, ~ ,  e, K) and the 
six Eq. 12-17 were solved using a finite difference al- 
gorithm developed b v NewmanP ~ Once the distributions of 
iM, i l l ,  i, "qM, E, and ~ are determined, the local coulombic 
efficiency, ~(y) can be calculated from 
J~(Y) [18] 
[(y) - ~ (y )  + j~(y) 
i.e., it is the ratio between the local dimensionless metal 
reaction current at a particular location to the total dimen- 
sionless reaction current at the same location. 
The total coulombic efficiency for the metal deposition 
reaction, ~total, can be obtained from the normalized metal 
solution current at y = 0 (by virtue of their being equal), or 
by integrating the metal reaction rate over the thickness of 
the electrode, i.e. 
( /  
~tot~ = iMly:o = JO JM(Y) " d y  [19] 
where iMl~-0 is the dimensionless metal solution current at 
the front of the electrode. 
S i g n i f i c a n c e  o f  t he  d i m e n s i o n l e s s  g r o u p s . - - 1 .  The di- 
mensionless exchange current of the metal electrowinning 
reaction, Io,M = io,~SL/icen. It is the ratio between the effec- 
tive exchange current density of the bed for the metal depo- 
sition reaction, io,~SL,  and the cell current, icon. Smaller 
values of Io,M correspond to significant charge-transfer (ac- 
tivation) control on the rate of electrowinning. 
2. The dimensionless l imiting current of the metal elec- 
trowinning reaction, IL = in,MSL/ir It is the ratio between 
the effective limiting current supported by the total inter- 
nal surface area of the bed, iL,~SL,  and the cell current. 
Smaller values of IL correspond to significant mass-trans- 
fer control on the electrowinning reaction. 
3. The kinetic ratio, Io,M/Io,H = io,M exp (ahE)/io,H. It is the 
ratio of the exchange current density of the metal deposi- 
tion reaction (at its equilibrium potential) and the rate of 
hydrogen evolution at the same potential. This is the 
more significant group in determining the coulombic effi- 
ciency. Larger values of this ratio favor high coulombic 
efficiencies. 
4. The dimensionless bubble group, F = Q/~ir It meas- 
ures the ratio of the electrolyte flow rate to the cell current. 
It combines the electrolyte flow rate, Q, temperature, T, 
the prevailing pressure, P (through ~, see Eq. 11) and the 
cell current, io~1~. Small values of F indicate more predomi- 
nant  bubble effects. This is obtained under conditions of 
high cell currents and/or low electrolyte flow rates. 
5. The dimensionless conductivity group, K = ~~ 
This is a very significant group with regard to the ohmic 
potential drop within the pore electrolyte. The reciprocal of 
this quanti ty (i.e., L i o J K ~  has the same form as the index 
of ohmic effect. .7 It is equal to the maximum ohmic poten- 
tial drop within the bed (in multiples of b). It can be ob- 
tained only if the cell current flows through the entire 
thickness of the bed. Large values of K indicate lower ex- 
tents of ohmic control. This group also bears strong resem- 
blance to the Wagner's polarization parameter 32 which de- 
termines the potential and current distributions in 
electrochemical systems. 
Results and Discussion 
The above system of equations combines the effects of the 
charge-transfer kinetics, mass transfer, ohmic resistance, 
and gas bubbles on the distributions of the polarization, 
the hydrogen evolution and metal electrowinning currents, 
gas void faction and pore electrolyte conductivity within 
the porous electrode, and on its overall polarization behav- 
ior. The system is quite nonlinear and the variables and 
parameters are highly interlinked. Hence the equations are 
solved and the discussion presented for several cases of 
varying degrees of complexity so that we can better expose 
the physical significance of the model parameters and its 
predictions. Table II shows the four different cases with 
their equations, controlling groups, and the limits of each 
case. 
Case I. N e g l i g i b l e  o h m i c  r e s i s t a n c e . - - U n d e r  the condi- 
tions of negligible ohmic resistance, the dime_nsionless con- 
ductivity group is large (i.e., K - ~ ) ,  hence d ~ / d y  = 0, i.e., 
~ is constant within the bed. This results in completely 
uniform current distributions and equal local and total 
coulombic efficiencies. Equations 12, 13, and 15 are suffi- 
cient to describe the system. Substi tuting Eq. 12 and 13 
into Eq. 18 gives 
~total = ~(Y) = 
(Io,M/Io,H)(1 -- exp [2~M]) 
(Io,M/lo.H)(1 -- exp [~M]) + exp [(p -- ~)~M] + ([o,M/Ia) exp [--~M] 
[2o] 
Equation 20 shows that the coulombic efficiency is a func- 
tion of the dimensionless polarization, ~M, ~, and ~, the 
kinetic ratio, Io,M/Io,H, and the ratio of kinetics to mass- 
transfer resistances of the metal reduction reaction, Io,M/In. 
Figure 2 shows the effect of ~M on the ~tot~l for four different 
combinations of values of a, ~, and In. 
When ~M is small (i.e., ~ < -1),  the four cases show only 
a slight difference in behavior. This low polarization is of 
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Table Ih The four different cases with their governing equations, controlling groups, and the limits of each case. 
Governing Controlling groups 
Case Limits equations and parameters ~ 
I Negligible ohmic resistance. 12, 13, and 15 Io,~lo,m IL, a, and 
II Appreciable ohmic resistance, 
negligible gas bubbles, and 
negligible mass-transfer resistance. Io.~/Io.H and K 
III Appreciable ohmic resistance, 
appreciable mass-transfer 
resistance, with negligible gas 
bubble formation. 
IV Appreciable ohmic resistance, 
formation of gas bubble with 
appreciable mass-transfer 
resistance. 
12 through 15 
In Eq. 12, IL "> oo 
12 through 15 
12 through 17 
K, Io,~/Io.H, and In 
K,  l,M/Io,m IL, a n d  F 
"In all of these cases the parameters Io,~, c~ and O were used as constants equal to 0.1, 0.5, and 0.7, respectively. In cases II through IV, 
13 = 1.o. 
only l imi ted  prac t ica l  in teres t  as it  supports  low reac t ion  
rates.  Fur thermore ,  the  me ta l  reac t ion  is in the  nea r  re-  
vers ible  region where  meta l  dissolut ion seriously affects 
the  coulombic  eff iciency as shown in Fig. 2. Of more  inter-  
est is the  behav io r  at h igher  polar iza t ions  (i.e., ~M > --1), as 
discussed below. 
In case a, Fig. 2, at h igh polar izat ion,  bo th  the  meta l  
deposi t ion and hydrogen  evolu t ion  react ions are  equa l ly  
sensi t ive to the  po la r iza t ion  as c~ = ~. Hence,  Eq.  23 yields 
(/~176 [21] 
[tot,l = (/o,~//o,=) + 1 
i.e., the  coulombic  eff iciency is independen t  of the polar-  
ization.  It  depends  only on the  kinet ic  ra t io  (Io.M/Io,~). In 
Fig. 2, (Io.~/Io,~) was taken  to be equa l  to 0.84 and hence the 
l imi t ing  va lue  of the coulombic  eff iciency equals  0.46 at 
h igh polar izat ion.  Equa t i on  21 shows tha t  as the  kinet ic  
ra t io  increases (i.e., Io,M/Io,H >> 1) the l imi t ing  va lue  of the  
coulombic  eff iciency approaches  one. The only design op-  
t ion (when a = 13) is to choose an e lect rode mate r ia l  which  
has  a suff icient ly low exchange  current  dens i ty  for  the hy-  
drogen evolu t ion  reac t ion  so tha t  the  ra te  of this reac t ion  is 
negl ig ible  re la t ive  to tha t  of meta l  deposit ion.  Opera t ing  





0 .6  r 
"= /.i" "" . .  Case a 
o ,  / , ; ' : - -  - - -'< 
~176 \ ,  
Case b " ' ,  \ 
0 ,2  " . .  \ 
" . .  \ 
"  9  
" ~ , . . .  
o . ,  
0 , 0  , , I , , I , , I , , 
0 .0  - 3 , 0  - 6 , 0  - 9 , 0  -12.0 
Dimensionless Polarization, ~M 
Fig. 2. Effect of the dimensionless polarization on the total coulom- 
bic efficiency in the absence of ohmic resistance. Four different cases 
ore shown: a, e = I% I, ~ ~; b, ~ = 21% I, -~ ~; c, ~ = 13/2, I~ ~ ~; 
and d, = .-B/2,-- ----.,__Î M/I, = 0.13.  For all cases ~ = 0 . 5 ,  _-_I-M/I~H = 0.84.  
but  it  provides  no advan tage  f rom the s tandpoin t  of cou-  
lombic  efficiency. 
In case b, when  c~ = 2~ = 0.5, i.e., the  hydrogen  reac t ion  is 
twice  as sensi t ive to the  po la r iza t ion  as the meta l  reduct ion  
react ion,  the coulombic  eff iciency is g iven at h igh po la r iza-  
t ion  by 
( Io,M/ Io,~) [22] 
~tot~l = (Io,M/Io,~) + exp [ - -0 .25~]  
Thus, as the po la r iza t ion  becomes  more nega t ive  (more ca- 
thodic), the  coulombic  eff iciency decreases. Therefore,  in 
order  to max imize  the coulombic  efficiency, i t  is necessary 
to opera te  the cell  at  low overpotent ia ls .  However,  low 
overpotent ia ls  resul t  in low currents  and hence, low re- 
mova l  rates.  
Case c, Fig. 2, is the  most  favorab le  as the meta l  reac t ion  
is twice  as sensi t ive to the  po la r iza t ion  as the  hydrogen  
reaction,  since a = 13/2 = 0.5. The coulombic  efficiency is 
g iven at h igh  po la r iza t ion  by 
(I~176 [23] 
~total = (jro,~i/io,H) + exp [ 0 . 5 ~ ]  
As the  po la r iza t ion  becomes more  negat ive,  ~total increases. 
This is the  most  desi rable  case, since high remova l  ra tes  
and h igh  efficiencies can be achieved simultaneously.  
Case d, Fig. 2, is s imi lar  to case c except  tha t  in case d, the  
meta l  reac t ion  is l imi ted  by  mass t ransfer  at h igh ca thodic  
polar iza t ion ,  i.e., ~OM > --2. Hence,  the  coulombic  eff iciency 
decreases progress ively  wi th  increas ing cathodic  po la r iza -  
tions. As the ca thodic  po la r iza t ion  increases,  the ra te  of 
hydrogen  evolu t ion  increases whi le  that  of meta l  deposi -  
t ion remains  constant ,  at  the l imi t ing  current ,  due %o mass-  
t ransfer  l imitat ions.  Of the  four  cases shown in Fig. 2, cases 
c and d are discussed in fu r the r  deta i l  here  because  of thei r  
practical significance. 
Figure 3 shows the effects of kinetic ratio, lo,m/lo,m on [tot~1 
at different values of Ia. AS lo,M/lo,~ increases, the coulombic 
efficiency increases until it reaches a limiting value, the 
magnitude of which is dependent on IL. AS lo,~/lo,H increases 
the metal reaction is favored over the hydrogen reaction. 
However, since the metal reaction is mass-transfer limited, 
[tot.1 reaches  a l imi t ing  va lue  which  corresponds to the  
mass - t rans fe r  l imi t ing  current.  This l imi t ing  va lue  equals  
the dimensionless  l imi t ing  current.  For  example  at IL = 0.5, 
the  l imi t ing  va lue  of the coulombic  eff iciency equals  0.5. 
When mass t rans fe r  is not  l imi t ing  (i.e., the  l imi t ing  current  
is much  grea te r  than  the cell  current ;  IL >> 1) ~total is deter-  
mined  by the  kinet ic  ratio. As the l a t t e r  increases,  the for- 
mer  increases approach ing  the  l imi t ing  va lue  of 1 at a ki-  
net ic  ra t io  grea ter  than  10. 
Case II. A p p r e c i a b l e  o h m i c  res is tance:  negl ig ible  gas bub- 
bles, negl igible  mass - t rans f e r  r e s i s t a n c e . - - F i g u r e s  4 and 5 
i l lus t ra te  the  effects of the dimensionless  _conduct ivi ty  
group, K,  on the d is t r ibut ions  of ~qM(Y) and jM(Y), respec-  
tively. At  very  h igh  e lect rolyte  conduc t iv i ty  (e.g., K >- 30), 
the dis t r ibut ions  of po la r iza t ion  and current  are un i fo rm 
th roughout  the  bed and the  behav io r  of the  cell  reduces to 
tha t  g iven in the previous  section. Values of K < 30, reveal  
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Fig. 3, Effect of the kinetic ratio, Io ~/1o,~ on ~ e  total coulombic 
efficiency for different values of the total fimiting current, Io in the 
absence of ohmic resistance. Io,u = 0.1; a = 13/2 = 0.5. 
a degree  of n o n u n i f o r m i t y  of the  d i s t r i b u t i o n  of ~M a n d  JM. 
As t he  c o n d u c t i v i t y  decreases ,  t he  p o l a r i z a t i o n  a n d  b o t h  
c u r r e n t s  b e c o m e  inc r ea s i ng l y  n o n u n i f o r m .  At  K = 5 • 10 -2, 
t he  r eac t i ons  are  loca l ized  in  a r a t h e r  t h i n  reg ion  n e a r  the  
ex i t  face of the  e lect rode.  
F igure  6 shows  t he  effect of the  d imens ion le s s  c o n d u c t i v -  
i ty  group,  K,  o n  ~totat at  d i f fe rent  va lues  of the  k ine t i c  rat io.  
As K increases ,  ~tot~l dec reases  in  a n o n l i n e a r  f a s h i on  a n d  
a p p r o a c h e s  a low l im i t i ng  va lue  a t  suf f ic ien t ly  h i g h  K.  This  
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Fig. 5. Effect of the dimension]ess conductivity group on the metal 
reaction current distributions in absence of mass-transfer resistance. 
Under these conditions a value of K = 30 means that the ohmic 
resistance is negligible. Io,M/Io, H = 0.84; Io,M = 0.1; 0 = 0.7; c~ = 
[3/2 = 0.5. 
l imi t ing  value equals  the d imens ionless  meta l  reaction cur- 
rent. For example ,  at Io,M/Io,H= 0.84, ~tot~l approaches  0.69 
w h i c h  is the same value  for jM in Fig. 5 for K = 30. The 
l imi t ing  values  of the total coulombic  eff ic iency (at large 
values  of K)  can be obtained from Fig. 3 for the case at IL = 
10, where  mass- transfer  l imi tat ions  are negl igible .  As  K 
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Fig. 4. Effect of the dimensionless conductivity group on the polar- 
ization distributions in absence of mass-transfer resistance. Under 
these conditions a value of K=  30 means that the ohmic resistance is 
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Fig. 7. Effect of the dimensionless total limiting current on the total 
coulombic efficiency at different values of K in absence of gas bub- 
bles. Io,M/Io,, = 0.84; Io~ = 0.1; 0 = 0.7; ~ = 13/2 = 0.5. 
decreases, the total coulombic efficiency increases. The de- 
crease in K is accompanied with an increase in the magni- 
tude of the polarization at the front of the electrode. Case c 
in Fig. 2 indicates that for ~ = 6/2, ~tot~1 increases with in- 
creasing cathodic polarization. 
Case III. Appreciable ohmic resistance: appreciable 
mass-transfer resistance with negligible gas bubble forma- 
tion.--Figure 7 shows the effects of the dimensionless total 
limiting current, IL, on the total coulombic efficiency of 
metal reduction at different values of K. For a certain value 
of K, as I L increases, ~total increases. That is, decreasing the 
mass-transfer resistance always increases the efficiency of 
electrowinning. Furthermore, in the absence of mass- 
transfer resistance (i.e., IL --> 30), as the conductivity in- 
creases the coulombic efficiency decreases. This confirms 
the trend shown in Fig. 6. Under this condition a decrease 
of the conductivity forces the reaction closer to the exit face 
of the electrode, a condition which leads to an increase 
in local polarization and hence in the total coulombic 
efficiency. 
On the other hand, an opposite trend is observed at low 
values of IL, i.e., IL < 4, where an increase in the conductivity 
is seen to cause an increase in ~tot~l. At low conductivity, 
most of the metal deposition reaction occurs in a thin layer 
near the exit face of the electrode (see Fig. 5), where the 
magnitude of cathodic polarization is quite high (see 
Fig. 4). While this excessive cathodic polarization can drive 
the hydrogen evolution reaction to support higher currents, 
it has no effect on the metal deposition current as it is 
mass-transfer limited. Consequently, the local coulombic 
efficiency is low. Therefore, local mass-transfer limitation 
can set in even when the dimensionless total metal reaction 
current (i.e., iMIy=0) is well below the total limiting current. 
For example, at IL = 1.5 and K = 1.25 • i0 -~ (the dotted line 
in Fig. 7, the value of iMly=0 = ~tot,1 = 0.15. This value is a factor 
of 10 less than the total l imiting current and yet the mass- 
transfer effects are important. Thus low conductivity in- 
creases the current efficiency in the absence of mass-trans- 
fer resistance. However, in the practical case where 
mass-transfer limitations are observed, (i.e., at low values 
of IL) high electrolyte conductivity results in high efficiency 
as revealed by Fig. 7. 
The effects of combined ohmic and mass-transfer resis- 
tances can be further explained by studying the local cou- 
lombic efficiency. Figure 8 shows the distribution of the 
local coulombic efficiency at different values of IL. For the 
case of negligible mass-transfer resistance (i.e., I~ = 10), the 
nonuniformity of the local coulombic efficiency is at- 
tr ibuted to ohmic control. At lower values of IL, the metal 
reaction is under combined mass-transfer and ohmic con- 
trol. The figure showns low coulombic efficiency at the 
front of the electrode due to mass-transfer restrictions on 
the metal reduction reaction in the presence of high hydro- 
gen evolution current due to the high polarization. At rela- 
tively small penetrations within the electrode (e.g., y = 0.2). 
the cathodic polarization decreases. However, it is still 
large enough to support the limiting current of the metal 
reaction. The hydrogen evolution reaction decreases as a 
result of the decreases in the cathodic polarization. Con- 
sequently, we observe a maximum in the local coulombic 
efficiency. 
Case IV. Appreciable ohmic resistance: Formation of gas 
bubble with appreciable mass-transfer resistance.--As hy- 
drogen gas bubbles are generated, the cross-sectional area 
available for ionic flow decreases, and the effective coduc- 
tivity of the pore electrolyte decreases (see Eq. 9, 17). As the 
electrolyte enters the porous electrode at x = L, it under- 
goes a reaction at a low rate, by virtue of the low polariza- 
tion at x = L. This current has two effects: (i) it generates 
gas bubbles (at a correspondingly low rate) which disperse 
in the pore electrolyte and increase its resistivity, and (it) it 
generates an ohmic potential drop in the pore electrolyte, 
as is flows up toward the polarized face of the electrode. 
This results in an increase in polarization at larger dis- 
tances from x = L. As the polarization increases, more cur- 
rent is generated, more bubbles are dispersed in the pore 
electrolyte producing further increase in its resistivity and 
a greater potential gradient, and so on. 17 
To quantify the effects of gas bubbles, Eq. 12-17 were 
solved simultaneously, taking account of the dimensionless 
bubble group, F, which expresses the extent of bubble for- 
mation. Figure 9 shows the effect of the dimensionless bub- 
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Fig. 8. Effect of the dimensionless total limiting current on the local 
coulombic efficiency in presence of ohmic control. Under these condi- 
tions a value of IL = 10 means that the mass-transfer resistance is 
negligible. K =  5 • 10-2; Io~/1o,, = 0.84; Io,M = 0.1; 0 = 0.7; a = 
1~/2 = 0.5. 
Downloaded 13 Jul 2011 to 129.252.86.83. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms_use.jsp
d. Electrochem. Sac., Vol. 142, No. 12, D e c e m b e r  1995 9 The Electrochemical Society, Inc. 4119  
0.7 ' I ' i ' i ' I 








[ 2  
0.2 
25 " \  
0 . 0  - - , - -  - - I - -  - - , - -  --N - -  - -  - -  * - -  - -  I L __  i 
0.0 0.2 0.4 0.6 0.8 1.0 
Dimensionless  Distance, y = x/L 
Fig. 9. Effect of the dimensionless bubble group, F on the distribu- 
tion of the gas  void fraction. As F decrease the f low rate decreases.  
K =  2.5; It = 5; Io,Jlo,. = 0.84;  Io,M = 0.1;  0 = 0.7;  c~ = [8/2 = 0.5. 
6.0 I I I l 
~ S  
e, 
4.0 






~. _ ~_~_ _ ~  . . . . .  25 
"% 
0 . 0  , 1 ' ,  , t , I , I 
0.0 0.2 0.4 0.6 0.8 .0 
Dimensionless Distance, y = x/L 
Fig. 11. Effect of the dimensionless bubble group on the metal 
reaction current distribution. As 17 decreases the f law rate decreases. 
K =  2.5; It = 5; Io,~/Io,~ = 0.84;  Io,~ = 0.1;  O = 0.7;  c~ = [8/2 = 0.5.  
f igure  revea l s  tha t :  (i) as t he  m a g n i t u d e  of F decreases ,  t he  
gas  vo id  f r a c t i o n  increases ,  (it) a s ign i f i can t  a m o u n t  of hy -  
d rogen  gas  c an  a c c u m u l a t e  a t  t he  f ron t  face of t he  e lec t rode  
a t  va lues  of F < 0.5, a n d  (iii) at  suf f ic ien t ly  low F va lues  
(e.g., F < 5 x 10 3), v i r t ua l l y  t he  en t i r e  t h i c k n e s s  of the  b e d  
is p lugged  w i t h  gas  bubb le s .  This  co r r e sponds  to low elec- 
t ro ly te  f low ra te s  or  h i g h  cell  cu r ren t s .  Fo r  example ,  w h e n  
t he  f low r a t e  is 0.012 cm s ~ a n d  icen = 0.2 A em -2, F equa l s  
0.5 a t  s t a n d a r d  t e m p e r a t u r e  a n d  pressure .  Dec reas ing  t he  
f low r a t e  by  two  o r d e r s - o f - m a g n i t u d e ,  or  i n c r e a s i n g  t he  
cell  c u r r e n t  b y  t he  s ame  order,  decreases  F to 5 x 10 a. This  
causes  a l a rge  inc rease  in t he  gas  vo id  f r a c t i o n  t h r o u g h  
mos t  of t he  t h i c k n e s s  of the  e lectrode.  
The  effect  of F on  the  d i s t r i b u t i o n  of the  pore  electrol~vte 
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Fig. 10. Effect of the dimensionless bubble group, F, on the distri- 
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Fig. 12. Effect of the cell current on the total coulombic efficiency at 
different values of the bubble product, Q / m  Io,M/Io.. = 0.84;  K~ = 
0.5 A cm-2; the total limiting curent = 1.0 A cm -2, the total exchange 
current density = 0 .02  A cm 2; 0 = 0.7; c~ = 13/2 = 0.5. 
Downloaded 13 Jul 2011 to 129.252.86.83. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms_use.jsp
4120 J. Electrochem. Soc., Vol. 142, No. 12, December 1995 9 The Electrochemical Society, Inc. 
decreases. The decrease of pore electrolyte conductivity 
leads to nonuniform potential distribution which leads to 
greater localization of the reaction toward the front of the 
electrode, see Fig. 4 and 5. 
Figure 11 shows the effects of the dimensionless bubble 
group, F, on the current distributions of the metal reaction 
at a constant value of K = 2.5. As F decreases the reaction 
current becomes more nonuniform. Neglecting the effects 
of gas bubbles produces erroneous results. This points to 
the deleterious effects of gas bubbles on the conductivity of 
the pore electrolyte and hence on the current and potential 
distributions and on the overall polarization behavior of 
the electrode. For large values of F, i.e., F > 25, the gas void 
fraction is relatively small (see Fig. 9), and the metal reac- 
tion is uniformly distributed pointing to negligible bubble 
effects. 
Figure 12 shows the effect of the bubble product, Q/cr, on 
the relation between the cell current, i~e~ and the total cou- 
lombic efficiency of the metal deposition reaction. For the 
purpose of this figure, we use the dimensional bubble 
product, Q/r rather than the dimensionless bubble group, 
F, so that we can explore the effect of the cell current. As i~d~ 
increases, the total coulombic efficiency increases until it 
reaches a maximum and then decreases with further in- 
crease in the cell current. As the cell current increases, the 
polarization increases. Since the metal reaction is more 
sensitive to the polarization than the hydrogen evolution 
reaction (by virtue of the assumption of a = ~/2 = 0.5), the 
rate of the former reaction increases faster than that of the 
latter. Consequently, the coulombic efficiency increases un- 
til it reaches the maximum at which the limiting current of 
the metal reaction is reached. With further increase in the 
cell current and hence in polarization, the rate of the hy- 
drogen reaction increases as it is not mass-transfer con- 
trolled 33 while the rate of the metal deposition reaction 
cannot exceed its limiting current. Consequently, the cou- 
lombic efficiency decreases. The maima seen in Fig. 12 in- 
dicate that there is an optimum range of the cell current 
which maximizes ~tot~1. Furthermore, as the bubble product, 
Q/~r decreases, the range of cell currents which corre- 
sponds to the maximum value of the coulombic efficiency 
decreases. That is, the optimum operating cell current de- 
creases with an increase in the formation of bubbles. The 
formation of gas bubbles retards the operation at high cell 
current, i.e., it leads to a decrease in the rate of electrowin- 
ning of the metal. Figure 12 points to this serious effect of 
the gas bubbles on the total coulombic efficiency of the cell. 
If one is forced to run the cell at low values of bubble 
product, the operating cell current must be kept low to 
avoid the predominance and consequences of bubble ef- 
fects. This obviously means low rates of electrowinning. An 
optimization problem emerges. The equations and al- 
gorithms presented here enable one to evaluate the effects 
of the set of parameters chosen for any option. 
Conclusions 
We presented a mathematical model to stimulate 
the electrowinning of non-noble metals accompanied by 
simultaneous generation of hydrogen gas bubbles within 
the pores of flow-through porous electrodes. The model ac- 
counts for the charge-transfer kinetics, the ohmic potential 
drop within the gas-electrolyte dispersion filling the pore 
space, and the interfacial mass transfer between the porous 
electrode and the flowing electrolyte. These coupled, non- 
linear effects influence the distributions of potential, hy- 
drogen evolution, and metal deposition reactions, coulom- 
bic efficiency, gas void fraction, and hence pore electrolyte 
conductivity within the bed. To understand these complex 
interactions, simulations were presented under a series of 
l imiting conditions. 
The gas bubbles accentuate the nonuniform distribution 
of the reaction by increasing the effective resistance of the 
electrolyte. Mass-transfer resistance further limits the op- 
eration of the cell since a nonuniform potential can lead to 
mass-transfer limited current locally within the pores. 
Therefore, an optimum current which maximizes the re- 
moval rate of the metal is predicted at currents well below 
the theoretical limiting current of the electrode. This opti- 
mum current is significantly influenced by the evolving 
hydrogen gas bubbles and neglecting this phenomenon in 
the simulations could lead to erroneous design and opera- 
tional guidance. The effect of gas bubbles is expressed in 
terms of the dimensionless bubble group, F, or the dimen- 
sional bubble product, Q/(r. The operation of the cell is 
advisable under conditions of large values of F, i.e., high 
electrolyte flow rates. 
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APPENDIX 
Derivation of Eq. 3 
Assume that the metal deposition reaction is under both 
activation and concentration polarization control. Then, 
the reaction current per unit  reaction surface area, j~JS, is 
given by 
[--~M/b] -- exp [(2 -- B)~M/b]j [A-l] exp 
Due to assumption 6 
jM = nFkm(CM - C~,s) [A-2] 
S 
and the limiting current is given by 
iL,M = nFk=CM [A-3] 
A combination of Eq. A-l ,  A-2, and A-3 yields 
J~ = io.M{ (1--  ~ )  exp [--~OM/b ] 
S 
- e x p  [(2 - ~)~M/b] l [A-4] 
Arrangement of the above equation gives 
J~ (i+ ~ e x p  [--~IM/D]) 
= io,M exp [-B~M/b] (1 - exp [2~Jb]) [A-5] 
Hence 
jM = Sio,M exp [ - B ~ b ] .  (1 - exp [2nM/b]) [A-6] 
1 + ~ exp [ - B ~ / b ]  
iL,M 
The gradient of the metal solution current, diM(x)/dx, is 
related to the reaction current per unit  volume by the fol- 
lowing relation 
diM(x) -- Sio,M (1 -- exp [2~lM(x)/b ]) 
dx  - --jM(X) = [A-7] 
exp [~OM(x)/b] + 
~L,M 
LIST OF SYMBOLS 
b RT/F, V 
CM metal ion concentration in the bulk solution, g-tool/ 
c m  3 
cM,s metal ion concentration at the surface of the 
electrode, g-mol/cm 3 
E ~ reversible potential of the electrochemical reac- 
tion, V 
hE difference in reversible potential between metal and 
hydrogen reactions, V 
F Faraday's constant, 96,500 C eq -~ 
i (x) total solution current per uni t  cross-sectional area 
of the packed bed, A cm -2 
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ic~l applied cell current per unit  cross-sectional area of 
the packed bed, A cm -2 
IL dimensionless total limiting current supported by 
the packed bed, iL,MSL/icen, Table I 
iL, M metal l imiting reaction current per unit  reaction 
area, A cm -2, Eq. 4 
iM(X ) local metal solution current per unit  cross-sectional 
area, A c m  -2 
i~(x) local hydrogen solution current per unit  cross- 
sectional area, A cm -2 
Io.M dimensionless group, io,MSL/ic~u, Table I 
Io~ dimensionless group, ioHSL exp (--~ AE)/icdl 
ioli exchange current densi'ty of species i based on the 
reaction area, A cm -2 
Io.M/Io ~dimensionless group, io ~ exp (cr AE)/io ~, Table I 
j(x) ' local reaction current per unit volume of the packed 
bed, A cm -3 
(y) dimensionless local reaction current, j/(ieen/L) 
km local mass-transfer coefficient, cm s ~ 
K dimensionless conductivity group K ~ b/Li~i1, Table I 
L electrode thickness, cm 
P pressure, atm 
Q electrolyte flow velocity, cm s -1 
R gas constant, 82.06 cm ~. atm/mol 9 K 
S specific surface area, cm -~ 
T absolute temperature, K 
x distance within the electrode, cm 
y dimensionless distance within the electrode 
c~ charge-transfer coefficient of the hydrogen evol- 
ution reaction 
charge-transfer coefficient of metal reduction 
coulombic efficiency 
e the gas void fraction of the pore volume, dimension- 
less, Eq. 19 
K(x) pore electrolyte conductivity, Et -I cm i , Eq. 9 
dimensionless, pore electrolyte conductivity, Eq. 17 
~!Y) conductivity of the bulk electrolyte, ~ i cm i 
F dimensionless bubble group, 2 PFQ/RTice11, Table I 
0 porosity 
~M metal reaction overpotential, V 
~H hydrogen evolution reaction overpotential, V 
const. = RT/2PF, cm 3 C ~, Eq. 11 
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